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Three-phase analysis of unbalanced systems ~ The “t

The “traditional” approach

(see Homework # 3)

@ Assemble the positive-sequence models of the various components (lines,
cables, transformers, loas, generators) according to the network topology

@ do the same with the negative-sequence models
o if needed!, do the same with the zero-sequence models

@ connect the positive-, negative- and zero-sequence models at the location of
the fault, taking into the nature of this fault (see slides # 43-45 of the
lecture on Symmetrical components)

@ solve the resulting circuit for voltages and currents

@ using Fortescue transformation, obtain the corresponding phase voltages and
currents.

Ihot for a line-to-line fault



Three-phase analysis of unbalanced systems = The approach followed in this lecture

The approach followed in this lecture

@ For lines, cables, transformers and generators, we consider how to pass from
the symmetric-component model (4, —, 0) to the three-phase model (a, b, ¢)

o for the other components, we derive the (a, b, ¢) model directly

@ all these individual models are assembled according to the network topology
to build the three-phase bus admittance matrix Y and the vector of
three-phase injected currents I of:

I=vyvV (1)

@ the fault is taken into account by adding fault admittances to the proper
terms of Y
@ the linear system (1) is solved to obtain the vector V of phase voltages

e from which the currents in (a, b, ¢) branches are obtained.

For each component, a MATLAB script is available and its use is described.



Three-phase analysis of unbalanced systems

Preliminary remarks

balanced system

The approach followed in this lecture

All voltages refer to their “local grounds”
as in the lecture on Symmetrical components, the neutrals are eliminated
thus, for an N-bus system, Y is a 3N x 3N matrix

some models require values from an initial power flow computation of the

@ since we are dealing with all three phases?, the per unit system uses the
single-phase base power (see course ELEC0014)

three-phase (Sgs, Vi)

single-phase (Sg1 = Sg3/3, V)

Sz = 3Vgls3 = V3Uglgs

s — Se3 _ Se3
s _Ve_3Vi_Up
557 Iss Sz Ses

@ the currents and impedances have the same values in per unit in both bases.

2and no longer with a per-phase analysis

Sg1 = Vilp1

S
/Blzvi;:/m

V
2o = g = 5



Three-phase analysis of unbalanced systems ~ The approach followed in this lecture

Numerical example

Consider the generator of Homework # 3 :
@ nominal apparent power : 5 MVA
@ positive-sequence reactance X, : 0.15 pu on the generator three-phase base.

What is the value of X, on a single-phase base of 1 MVA 7

X, has the same value in per unit on both :
- the three-phase base power of 5 MVA
- the single-phase base power of 5/3 MVA.

To change to the single-phase base power of 1 MVA, apply the general formula of
change of base given in course ELEC0014 :

P NAZ S
Zouo = Zpn 222 2L
pu2 p1581<VB2

and the requested value is :
1

3
15— = 17_.
055/3 0.15 0.09 pu



Three-phase analysis of unbalanced systems  Load

Load

Star-connected load

Input data:
@ complex power consumed in one phase: P + jQ (in pu)

@ magnitude of the phase-to-neutral voltage under which this power is
consumed: V (in pu)
@ impedance between neutral and ground: z, (in pu)

_P-jQ 1

=T Ty,



Three-phase analysis of unbalanced systems  Load

L = y(V,—V,) (2)
/_b = Y(\_/b_vn) (3)
e = VeV (4)
L+lb+1l. = y.Va (5)

Adding (2, 3 and 4) and introducing the result in (5) yields:

g YVatyVetyVe
=
Ytot

Introducing (6) into (2,3,4) and arranging the results in matrix form:

with Ytot = 3)/ + Yn (6)

2 2 2
T _ Y _Y _Y v
L? Y }2/»:0: }’tot2 _Vt%t \_/a
Ib — _ Y y — Yy _y Vb
- ytgt Ytot }/torz —
I _y —2 c
Yitot Ytot Ytot

contribution to matrix Y

Question. Determine the admittance matrix when z, = 0 (“solid” grounding)?



Three-phase analysis of unbalanced systems  Load

Delta-connected load

Input data:
@ complex power consumed in each branch: P+ jQ (in pu)

@ magnitude of the phase-to-phase voltage under which those powers are
consumed: U (in pu)

_P-iQ
S L



Three-phase analysis of unbalanced systems  Load

I_a = Y(Va_vb)+y(\7a_\7c)
b = y(Vb—Va)+y(Vh— Vo)
/c — y(Vc*Va)+y(Vc*Vb)
which can be rewritten in matrix form as:
I, 2y -y -y /A
b | = -y 2y -y Vb
le -y -y 2 c

contribution to matrix Y

Remarks

@ this admittance matrix is singular because the voltage reference node is not
located in the circuit ( “indefinite admittance matrix")

@ this is not a problem since it will be combined with other admittance
matrices to form Y.

9/28



Three-phase analysis of unbalanced systems  Load

Matlab script Yload.m

function [Y1ld] = Yload(triangle,rn,xn,p,dq,Vv)

o°

triangle= 1 if the load is assembled in triangle, =0 if assembled in star
rn : neutral resistance (in pu), not used if triangle=1
xn : neutral reactance (in pu), not used if triangle=1
set rn and xn to a very large value if the neutral is not grounded
p : active power (in pu) consumed:
in one branch of the triangle (if triangle=1)
in one branch of the star (if triangle=0)

o\® @ o° o o

o\

% g reactive power (in pu) consumed:

% in one branch of the triangle (if triangle=1)

% in one branch of the star (if triangle=0)

g v magnitude of voltage (in pu) under which the above powers are consumed
% phase-to-phase voltage i1f triangle=1, phase-to-neutral if triangle=0

% Yld : 3x3 admittance matrix of three-phase load

10/28



Three-phase analysis of unbalanced systems Balanced Norton equivalent

Balanced Norton equivalent

voltages and impedances currents and admittances

Efzn = 1/zeh

Input data:
@ complex power produced by one of the three phases: P + jQ (in pu)
@ Thévenin impedance: z (in pu)
o complex (phase-to-neutral) voltage of phase a: V, (in pu)

_ _ P—jQ _ _ _ _
E,= Va"‘zthT;



Three-phase analysis of unbalanced systems Balanced Norton equivalent

o= (Va—E)/zu
I_b = (\_/b E )/Zth
Je (Ve — Ec)/zun

which can be rewritten in matrix form as:

I:;,, ]-/Zth 0 0 \:/a Ea/zth

Ib | =1 0 1/zsn 0 Vo | — Ep/zin

Ic 0 0 1/zu c Ec/zn
—_————

contribution to matrix Y contrib. to vector T



Three-phase analysis of unbalanced systems  Balanced Norton equivalent

Matlab script Norton_equ.m

function [Ynor, Inor] = Norton_equ(rth,xth,p,q,v,theta)

% rth : Thévenin equivalent resistance (in pu)
% xth : Thévenin equivalent reactance (in pu)
% p: active power produced by one phase (in pu)

o\®

g : reactive power produced by one phase (in pu)
v : magnitude of (phase-to-ground) voltage of phase a (pu)
theta : phase angle of (phase-to-ground) voltage of phase a (rad)

o

o

o

Ynor : 3x3 admittance matrix of Norton equivalent
Inor : 3x1 vector of Norten currents

oe

13/28



Three-phase analysis of unbalanced systems = Generator

Generator

I L

I
— —_— —
B e+ V [/;) Zo + 3777
v,

3
SN

I
—_— _ — -
E /z, ] nor.h
~ admittance

Lnore matrix ?

Input data:

@ positive, negative and zero-sequence impedances: z;, z_ and z, (in pu)
impedance between neutral and ground: z, (in pu)
complex power produced by one of the three phases: P + j@ (in pu)

complex (phase-to-neutral) voltage of phase a: V; (in pu)



Three-phase analysis of unbalanced systems  Generator

To identify I_,,o,,a, I_,,onb and I_,,o,,c we assume initial balanced operating conditions:

_ _ _ _ _ _ _ _ P
V.=V,=0 V,=V, IL=L=0 T=L=- V*JQ
Hence: E, =V, —z I, =V, 4z, tJQ
24
Contribution to vector I
Znor,a E_+/Z+
I_nor,b = a2 _E+/Z+
/nor,c a E+/Z+
Contribution to admittance matrix Y:
Yr=TYT!
with:
1/zy 0 0 1 1 1
Yr = 0 1/z 0 and T=|2a a 1

0 0 1/(z,+3z,) a a* 1



Three-phase analysis of unbalanced systems  Generator

Matlab script Norton_gen.m

function [Ygen, Igen] = Norton_gen(rp,xp,rm,xm, r0,x0,rn,xn,p,q,v,theta)
% rp : direct-sequence resistance (pu)

% xp : direct-sequence reactance (pu)

% rm : negative-sequence resistance (pu)

% xm : negative-sequence reactance (pu)

% r0 : zero-sequence resistance (pu)

% x0 : zero-sequence reactance (pu)

% rn : neutral resistance (pu)

% xn : neutral reactance (pu)

set rn and xn to a very large value if neutral is not grounded
p : active power produced by one phase of the generator (pu)

de 0@ o

g : reactive power produced by one phase of the generator (pu)

v : voltage magnitude (pu), initial value in phase a

e de

theta : voltage phase angle (rad), initial value in phase a

o\

Ygen : 3x3 admittance matrix of generator

% Igen : 3xl vector of Norton equivalent currents (INTO the network)

16 /28



Three-phase analysis of unbalanced systems  Line or cable

Line or cable

Full three-phase symmetry is assumed.

Input data:
@ positive-sequence series impedance: z; = ry + jx4 (in pu)
@ zero-sequence series impedance: z, = r, + jx, (in pu)
@ positive-sequence half shunt susceptance: by (in pu)

@ zero-sequence half shunt susceptance: b, (in pu)

a —= O—1— shunt series =5 shunt o =— {v
i Bl B i B
I, bo__capaqtlve Is | resistive - inductive | Iz capacitive | o Iy
) . part c = part = part y )
. —> o—— . S 7 — . ——0 =— Iv
JB Io Ier JB

',

19




Three-phase analysis of unbalanced systems  Line or cable

It has been shown (see theory): Zy = Zs — Zm Zo = Zs + 22z
. . 2z, + z Zo — Z
from which one obtains: ze = % Zm = %
Zs  Zm Zm
and the impedance matrix: Z=| zn, zs Zm

Zm Zm Zs

The voltage-current relations of the series part are:

V-V, Ta V-V,
Vo=V | =Z| Ig | +| Ve —Vy
VC - Vg IC VC’ — Vg/
Ta Va-V, V-V,
= |Is | = z! V-V | - z! Vg — Vg (7)
Ic Ve— Vg Ve = Vg
IA’ 7A VA - Vg VA/ — Vg/
and ZB/ = — ZB = —271 VB — Yg + 271 VB’ — Yg/ (8)



Three-phase analysis of unbalanced systems  Line or cable

It has been shown (see theory): by = bs — by b, = bs + 2b,,
2 _
from which one obtains: bs = % bm = %
bs bm bm
and the admittance matrix: jB=j| by bs bp
bn by b

For the shunt part on the left, the voltage-current relations are:

B Va—Ve Ia
I [ =iB| Vo=V |+ | s ©
lc V.-V, Ic
Similarly, for the shunt part on the right:
I Ve V] [In
7b/ :_j B Kb/ — Kg —|— 15/ (10)
c’ Vc’ - Vg /C/

19/28



Three-phase analysis of unbalanced systems  Line or cable

Taking into account that:
Vo=Va Vp=Vg Vc=Vc Vy=Va Vp=Veg Vo=Vc

Egs. (7, 8, 9, 10) can be combined into:

1, [ V,-V, ]
Ip jB+Z7! -z-1 V=V
/¢ V.-V,
.| V.-V
7b’ _271 JB + 271 Vb’ — Vg/
NEn | Vo — Vg |

6x6 admittance matrix Y



Three-phase analysis of unbalanced systems  Line or cable

Matlab script Yline.m

function [Y1n] = Yline (rp,xp,bp,r0,x0,b0)

% rp : direct-sequence series resistance (pu)

% xp : direct-sequence series reactance (pu)

% bp : direct-sequence half shunt susceptance (pu)
% r0 : zero-sequence series resistance (pu)

% x0 : zero-sequence series reactance (pu)

% b0 : zero-sequence half shunt susceptance (pu)

% Yln : 6x6 admittance matrix of line

21/28



Three-phase analysis of unbalanced systems = Transformer

Transformer

Input data:
@ positive-sequence series impedance: R + jX (in pu)
positive-sequence magnetizing reactance: X, (in pu)
zero-sequence series impedance: R, + jX, (in pu)
zero-sequence magnetizing reactance: Xy, (in pu)
impedance neutral - ground on primary and secondary sides: z,;, zy» (in pu) 3

complex transformer ratio 7

L a a
— o—t +—

_ admittance _
Iy p L
—= od

matrix 7

I ¢ ¢ I
—

3not used in some transformers

N
N
o



Three-phase analysis of unbalanced systems  Transformer

Admittance matrix of the positive-sequence equivalent two-port

(er)u&c I X (f+)afb/c/

O [ —

g

_ =
(V+)abc’ % Xm E ’ (VJr)a/b/C,
o1
- 1 - 1 —_ 1, -
(I+)abc - ‘jT(V+)abc + m |:( +)abc ﬁ(v+)a’b’c’:|
m
- 1 1 1, - _
(/+)a’b’c/ = ? R-‘r_jX |:’-1(V+)a/b’c’ - (V+)abc:|

or in matrix form:

{ (I'4)abe }: l&mﬂ' Rl-&jx _llﬁR-&jX] [((\7+)abc }

(It)abrer “HROX AP ROX Vi)abe

posit.-sequ. admittance matrix

3/28



Three-phase analysis of unbalanced systems  Transformer

Admittance matrix of the negative-sequence equivalent two-port

*

Replacing n by a* in the positive-sequence admittance matrix:

1 1 1 1 _

[ (I-)abe } | e TREX TR RLX [ (V_)abe ]

1 )aprer _1_1 1 1 V_ )aper

(I-)arvre 7 R+jX [AZ RHX (V-)arwre

negative-sequ. admittance matrix

Admittance matrix of the zero-sequence equivalent two-port

1. Transformer of type Ynd*
(Io)abe Ro+jXo+ 3zm (L) awer
— oj——:— —0 ——
v =
(V;:)ahc >>g Xono (V;))n’b’n“

Oj O

1 1 _
|: (_o)abc :| _ Ximo + Ro+jXo+3zn1 0 |: (_ o)abc :|
(I ) b’ 0 0 (Vo)a’b’c’

zero-sequ. admit. matrix

N
R
o



2. Transformer of type YnynQ

(L)ape ot iXo 3zt 3z | (I)awer
. A .
[/ >>g s |
(Vo )abe (= Xono n is real ! (I_/o)n/bw
=
o \| 0
- _1 + 1 _1 1 _
[ (I)abe | | Xmo T RotiXoT3zm+3zma/n? 1 RoFjXo+32m+32m /2 (V) abe
I_ 7y~ - _ 1 1 1 1 \V4 bt
(lo)arsre 1 RoFiXo+3zm 13202/ 1 7 RoFiXot3zm+3202/ 17 (Vo)arwre

zero-sequ. admittance matrix

3. Transformer of any other type _ .

([o)abc ([o)n’b’c“
O —0 —-——
e
(Vo) abe % Koo (V)artrer
= :
oﬁ o
_ 1 _
(_o)abc _ JXmo 0 |: (_ o)abc :|
(Io)a’b’c/ 0 0 (Vo)alblc/
—_———
zero-sequ. admit. matrix 252



Three-phase analysis of unbalanced systems  Transformer

Assembling the admittance matrices of all three sequences

(_+)3bC ( _+)abc
(I_—)abc (\{ )abc
(IO)abc (Vo)abc
Y —Y, \
(I_+)a’b’6’ F (\_/+)a bre!
(/__)alblc/ (\{ ) lblc/
(/o)a'b’c’ (Vo)a b’ ¢’
with
r 1 1 1 h
j)% R+X L 0 L 0 T ARHX L 0 L 0
0 X, T RoX 0 0 i R+jX 0
Yr— ) 0 . 0 yi1 . 0 . 0 Y12
T RHX 101 0 1a12 R+jX ) 01 0
0 T A RHX 0 0 1a12 R+jX 0
i 0 0 yo1 0 0 y22 |

where [ }{11 ?2 ] is the zero-sequence admittance matrix previously derived.
21 Y22



Three-phase analysis of unbalanced systems  Transformer

Getting back to the a, b, c,a’, b, ¢’ phases

Using the inverse Fortescue transformation:

l v
T b T VY%
I Ve
- = Y —
Iy ’ Vo
T Iy T Vy
I Vo
or
[ L] [ Vo ]
Iy T 0 T! 0 Ve
1c _ YF _c
I Vs
@, 0 T 0 T! \:/b,
L IC’ - L CI -

the sought admittance matrix. Yeah!



Matlab script Ytrfo.m

function [Ytf] = Ytrfo(rp,xp,bp,n,phi, b0, type, r0,x0,rnl,xnl, rn2, xn2)

% rp : positive-sequence series resistance (pu)
% Xp : positive-sequence series reactance (pu)

o

bp : positive-sequence magnetizing susceptance (pu)

% n : magnitude of transformer ratio (pu/pu)
phi : phase angle of transformer ratio (rad)
b0 : zero-sequence magnetizing susceptance (pu)

type = 1 indicates that the transformer is of the type ¥Ynd

oe o of oe

= 2 indicates that the transformer is of the type Ynyn

oe
|

= 3 indicates that the transformer is of another type

o0

% r0 : zero-sequence series resistance (pu); not used if type=3

% x0 : zero-sequence series reactance (pu); not used if type=3

% rnl : neutral resistance on the primary side (pu); not used if type=3

% xnl : neutral reactance on the primary side (pu); not used if type=3

% rn2 : neutral resistance on the secondary side (pu); not used if type=1 or 3
% xn2 : neutral reactance on the secondary side (pu); not used if type=1l or 3

% set rnl and xnl (or rn2 and xn2) to very large values if neutral is not grounded

% Ytf : 6 x 6 admittance matrix of the transformer

28 /28
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